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Answer any 4 and each question carries 6 marks

1.
2.

Prove that any monotonic function on [a, b] is Riemann-integrable.

If f € R[0,1] and € > 0, prove that there is a continuous function ¢ on [0, 1]
1
such that [, |f —g] <e.

. Let f € Ra,b] for all b > a. Prove that f > f )dx converges if and only if for

each € > 0, there exists a M such that | fb da:\ <eforallc>b> M.

Determine all functions f on [0, 00) such that the family {f, | n > 1} defined
by fu.(t) = f(nt) on [0, 1] is equicontinuous.

Suppose series Y apz™ and Y b,z" convergein (—R, R) and F = {x € (—R, R) |
> apx™ =Y b,x"} has a limit point. Prove that a, = b, for all n.

Let f:]0,1] — R be a continuous function. Prove that there is a subsequence (1,,)
of integers and constants ¢y, for £k =0,1,2,---,1, such that g, = l” o Ck nfk
converges uniformly to |f| on [0, 1].

Answer any 2 and each question carries 13 marks

1.

(a) Let F:[a,b] — R be the anti-derivative of a function f:[a,b] — R. If
f € Rla, b], prove that f: f(x)dx = F(b) — F(a) (Marks 6).

(b) Let f:]0,1] — (0,00) be a continuous function and M, = (fol f™w. Find
lim,, , M, and justify your answer.

(a) Let (f,) be a pointwise bounded sequence of functions on a countable set
E. Prove that there is a subsequence (f, ) that converges pointwise on F .
(b
x

) Let f, € R[0,1] be uniformly bounded. Define F,(z) = [ fu(t)dt for all
€ [0,1]. Prove that (F),) has a uniformly convergent subsequence (Marks 6).

(a) Determine the convergence or divergence of the series using the integral test:
. [o'e) 7%2 . .. [e’s)
(1) Zn:l ne ) (11) Zn 2 nlog (Marks 6)
(b) Let > >° ¢, converge. Deﬁne flz) =57 jepa™ for € (—1,1). Prove
that lim, 1 f(z) =Y "7 cn.



